Abstract. The ADM mass, viewed as a functional on the space of asymptotically flat Riemannian metrics of nonnegative scalar curvature, fails to be continuous for many natural topologies. In this paper we prove that lower semicontinuity holds in natural settings: first, for pointed Cheeger-Gromov convergence (without any symmetry assumptions) for n = 3, and second, assuming rotational symmetry, for weak convergence of the associated canonical embeddings into Euclidean space, for n ≥ 3. We also apply recent results of LeFloch and Sormani to deal with the rotationally symmetric case, with respect to a pointed type of intrinsic flat convergence. We provide several examples, one of which demonstrates that the positive mass theorem is implied by a statement of the lower semicontinuity of the ADM mass.
Introduction
In general relativity a number of important open questions involve taking a limit of a sequence {(M i , g i )} ∞ i=1 of asymptotically flat Riemannian manifolds of nonnegative scalar curvature. For instance, such limits arise in stability problems (e.g. [5, 9, 11, 12, [14] [15] [16] [17] ) and in flows of asymptotically flat manifolds (e.g. [7, 10, 18, 19] ). In these contexts it is desirable to understand how the ADM (total) masses [1] of (M i , g i ) compare to the ADM mass of the limit space, (N, h). Recall that an asymptotically flat manifold can be viewed as an initial data set for the Einstein equations in general relativity, and the ADM mass represents the total mass contained therein.
While it is well-known that the ADM mass is not continuous with respect to many natural topologies, some examples (see section 2) suggest that lower semicontinuity ought to hold:
(1)
In this paper the first main result is a proof of (1) for pointed Cheeger-Gromov convergence (see Definition 4), subject to natural hypotheses: Theorem 1. Let {(M i , g i , p i )} be a sequence of asymptotically flat pointed Riemannian 3-manifolds that converges in the pointed C 2 Cheeger-Gromov sense to an asymptotically flat pointed Riemannian 3-manifold (N, h, q). Assume that for each i, (M i , g i ) contains no compact minimal surfaces and that g i has nonnegative scalar curvature. Then (1) holds.
The second main result is a proof of (1) for rotationally symmetric asymptotically flat manifolds, subject to similar hypotheses. The topology we consider here is that of weak convergence (in the sense of currents) of canonical isometric embeddings into Euclidean space 1 . A more formal statement is given as Theorem 8 in section 4.
Theorem 2 (Informal statement). Let {(M i , g i )} denote a sequence of rotationally symmetric, asymptotically flat Riemannian manifolds of nonnegative scalar curvature. Assume ∂M i is either empty or a minimal surface, and that M i contains no other compact minimal surfaces. If (M i , g i ) converges weakly to some (N, h) then (1) holds.
The first source of motivation we present arises from a conjecture of Bartnik pertaining to the quasi-local mass problem in general relativity [3, 4] . Suppose Ω is a compact Riemannian 3-manifold with boundary ∂Ω. Assume Ω has nonnegative scalar curvature, and let ∂Ω have mean curvature H and induced metric γ. Consider all asymptotically flat 3-manifolds (N, h) that have nonnegative scalar curvature, contain no compact minimal surfaces, and whose boundary is compact and isometric to γ with corresponding mean curvature H. (The significance of matching the boundary metrics and mean curvatures is that nonnegative scalar curvature holds in a distributional sense across the interface.) The infimum of the ADM mass among all such (N, h) is called the Bartnik mass of Ω and is a well-known example of a quasi-local mass functional.
Bartnik conjectured that the above infimum is achieved by some (N, h), called a minimal mass extension. One program to approach this problem directly is to consider an ADMmass-minimizing sequence (M i , g i ) and attempt to extract a convergent subsequence in some topology, say with limit (N, h). However, finding such a topology, together with a compactness theorem, remains a highly nontrivial open problem. An additional step necessary to show (N, h) is in fact a minimal mass extension would be that the ADM mass does not increase when passing to the limit, i.e., that (1) holds.
A second source of motivation lies in the goal finding a new proof of the positive mass theorem [20, 22] that uses Ricci flow or a related flow (see, e.g., [7, 10, 18, 19] ). A sketch of a proof would be to initiate Ricci flow on an asymptotically flat manifold (M, g) of nonnegative scalar curvature. Short-time existence is known, asymptotic flatness and the nonnegativity of scalar curvature are preserved, and the ADM mass is constant along the flow [7, 19] . Performing surgery as needed, one might attempt to show that the space eventually converges to Euclidean space in some sense. However, since the ADM mass is constant under the Ricci flow, it is clear that the convergence cannot be in a topology for which the ADM mass is continuous. To prove nonnegativity of the ADM mass of the initial space, it would be necessary to know the ADM mass does not increase when passing to the limit.
Outline. In section 2 we give a number of examples to illustrate some of the subtleties of the problem, to motivate why lower semicontinuity is plausible, and to demonstrate why the hypotheses in Theorem 1 are necessary. Example 3 is of particular interest, because it gives a sense in which lower semicontinuity implies the positive mass theorem. Section 3 contains a proof of Theorem 1; section 4 provides some preliminaries for rotationally symmetric manifolds before giving the proof of Theorem 8. We conclude in section 5 with a proof of lower semicontinuity in rotational symmetry for a type of pointed intrinsic flat convergence [21] , using recent results of LeFloch and Sormani [17] . 
Examples
We give a series of examples to illustrate some of the issues present in dealing with convergence of asymptotically flat manifolds and the behavior of the ADM mass. In particular, examples 1 and 4 below show that the ADM mass is not lower semi-continuous with respect to any reasonable notion of pointed convergence, without some additional assumptions on the scalar curvature and the absence of compact minimal surfaces.
Recall that pointed notions of convergence are natural to consider for noncompact manifolds. By "a reasonable notion of pointed convergence" of pointed Riemannian manifolds (M i , g i , p i ) to (N, h, q), we mean any type of convergence that satisfies the following property: if given any r > 0, the metric ball of radius r about p i in (M i , g i ) is isometric to such a ball about q in (N, h), for i sufficiently large, then (M i , g i , p i ) converges to (N, h, q).
Example 1 (Flattened-out Schwarzschild): Fix a constant m > 0. Let (M, g) be the graph in R 4 , endowed with the induced metric, of the function f : R 3 \ B 2m ( 0) → R given by f (x) = 8m(|x| − 2m), where |x| is the distance to the origin. (M, g) is isometric to the (spatial) Schwarzschild manifold of ADM mass m. This graph, represented in one lower dimension, is depicted in figure 1 . The minimal surface ∂M is called the horizon of M .
For each integer i > 0, define
whose graph is depicted in figure 2 . Now, smooth f i on a small annulus about its non-smooth set, and call the resultf i . Let (M i , g i ) be the graph off i , which is an asymptotically flat manifold. In fact, the ADM mass of (M i , g i ) vanishes for each i, since outside a compact set,f i is constant (and so g i is flat). Let p = (2m, 0, 0, 0), which belongs to M and all M i . Then (M i , g i , p) converges in any reasonable pointed sense to (M, g, p). However,
violating (1) . Note that in this example, each (M i , g i ) has negative scalar curvature somewhere, no matter how the smoothing is performed. (This follows from the equality case of the positive mass theorem [20, 22] .) This example reveals that to establish lower semicontinuity, nonnegative scalar curvature is a necessary hypothesis.
Example 2 (Flattened-in Schwarzschild): Proceed as in the previous example, but with an alternative definition: where f (x) has been extended by zero to R 3 . The graph of f i is shown in figure 3 . Upon a suitable smoothing tof i , the graph off i , call it (M i , g i ), can be made to have nonnegative scalar curvature. Moreover, for p i = (0, 0, 0, i), (M i , g i , p i ) converges in any reasonable pointed sense to Euclidean space (R 3 , δ ij , 0). Moreover, each (M i , g i ) has ADM mass m. This example shows that the ADM mass can indeed drop when passing to a limit. Fix a point p ∈ M . Using the exponential map of g about p, composed with a scaling by i −1 , and the smoothness of g, it is straightforward to show that (M, g i , p) converges in the pointed C 2 Cheeger-Gromov sense (see Definition 4) to Euclidean space (R n , δ, 0). Thus, the limit space has mass 0. A lower semicontinuity statement would imply that m ≥ 0. In particular, we see:
Observation 3. The statement "the ADM mass is lower semicontinuous on the space of asymptotically flat n-manifolds of nonnegative scalar curvature (that contain no compact minimal hypersurfaces), with respect to pointed C 2 Cheeger-Gromov convergence" implies the positive mass theorem in dimension n for such manifolds. This illustrates the depth of lower semicontinuity and in particular restricts any possible proof to the tools used in a proof of the positive mass theorem itself.
2
Example 4 (Hidden regions): Let (M, g) be the Schwarzschild manifold of mass m > 0, described in Example 1. Fix r > 2m, and let Ω r be the closed region between the coordinate sphere S r and the horizon.
Recall that the Schwarzschild manifold can be reflected (doubled) across its horizon to produce a smooth manifold with two asymptotically flat ends. For a fixed ∈ (0, m), the doubled Schwarzschild manifold of mass contains a unique coordinate sphere Σ in the doubled end of the same area as S r .
By identifying S r and Σ as in figure 4 , it is possible to glue Ω r into the doubled Schwarzschild manifold of mass so that the metric is Lipschitz and the scalar curvature is distributionally nonnegative at the interface. The resulting manifold "hides" Ω r inside the horizon of the doubled Schwarzschild manifold of mass .
By increasing r to infinity (and keeping fixed but adjusting Σ appropriately), we obtain a sequence of asymptotically flat manifolds of nonnegative scalar curvature each of which has mass , that converges in any reasonable pointed sense to the Schwarzschild manifold of mass m > (where the base points are chosen to be on the boundary). Thus, the ADM mass jumps up in the limit. This example illustrates the necessity of assuming the manifolds do not contain compact minimal surfaces in order to establish (1).
Example 5 (Ricci flow of asymptotically flat manifolds): A given asymptotically flat nmanifold (M, g 0 ) of nonnegative scalar curvature, n ≥ 3, may be considered as initial data for the Ricci flow. In the literature it has been established that there exists a solution to the Ricci flow {g t }, t ∈ [0, T ), with initial condition g 0 . Asymptotic flatness and nonnegative scalar curvature are preserved under the flow, and interestingly, so is the ADM mass [7, 19] . For the class of rotationally symmetric manifolds (M, g 0 ) of nonnegative scalar curvature and containing no compact minimal surfaces, Oliynyk and Woolgar showed that {g t } exists for all time (T = +∞) and converges in the pointed C k Cheeger-Gromov sense to Euclidean space for every k [19] . In particular, if the initial metric has strictly positive ADM mass 2 Indeed, our proof of Theorem 1 uses Huisken-Ilmanen's results on inverse mean curvature flow [13] , which are well-known to give an independent proof of the positive mass theorem. m 0 , then all g t have ADM mass equal to m 0 , and thus the mass jumps down to zero in the limit. Example 6 (Badly behaved limit): Last we give an example of a sequence of asymptotically flat manifolds M i that converges in any reasonable pointed sense to a limit space that is not asymptotically flat. In particular, the ADM mass of the limit is not even defined.
A simple example is to append to the horizon of the Schwarzschild manifold a round cylinder S 2 × [0, L] of length L and appropriate radius. The resulting metric has C 1,1 regularity and nonnegative scalar curvature across the interface in an appropriate distributional sense. With respect to any point on the boundary of the cylinder, letting L ∞ produces a sequence of asymptotically flat manifolds that converges in any reasonable pointed sense to a half-infinite cylinder S 2 × [0, ∞), which is not asymptotically flat.
Even more extreme examples are possible, for instance by glueing small regions of nontrivial topology near a sequence of points that escapes to infinity.
Lower semicontinuity for pointed Cheeger-Gromov convergence
In this section we prove the lower semicontinuity of the ADM mass in dimension three with respect to pointed C 2 Cheeger-Gromov convergence. The restriction n = 3 arises primarily from the use of Huisken-Ilmanen's weakly-defined inverse mean curvature flow [13] , and we conjecture that the analogous result holds for all dimensions n ≥ 3.
3 Now we give some relevant definitions. 
where B is a closed ball), and (ii) in the coordinates (x 1 , x 2 , x 3 ) on M \ K induced by Φ, the metric obeys the decay conditions:
2 sufficiently large and j, k, l, m = 1, 2, 3, where c > 0 and q > 3 are constants, δ ij is the Kronecker delta, and R is the scalar curvature of g. Such (x i ) form an asymptotically flat coordinate system. For such manifolds, the ADM mass [1] is well-defined [2] by the limit
where (x i ) are asymptotically flat coordinates, S r is the coordinate sphere {|x| = r}, and dA is the area form on S r . We restate Theorem 1 here for the reader's convenience.
} be a sequence of asymptotically flat pointed Riemannian 3-manifolds that converges in the pointed C 2 Cheeger-Gromov sense to an asymptotically flat pointed Riemannian 3-manifold (N, h, q). Assume that for each i, (M i , g i ) contains no compact minimal surfaces and that g i has nonnegative scalar curvature. Then
In light of examples 1 and 4 of section 2, the last two hypotheses are necessary. The key estimate in the proof is the following famous result of Huisken and Ilmanen [13] , whose proof utilizes a weakly-defined inverse mean curvature flow along which the Hawking mass is non-decreasing. Recall the Hawking mass of a hypersurface Σ with area A, area form dA, and mean curvature H in a Riemannian n-manifold is defined by the formula
where ω n−1 is the hypersurface area of the unit (n−1)-sphere in R n . The result below, while not stated explicitly in their paper, is well-known and follows from the theorems therein:
Theorem 7 (Huisken-Ilmanen [13] ). Let (M, g) be an asymptotically flat 3-manifold of nonnegative scalar curvature, with connected nonempty boundary Σ. If Σ is area-outerminimizing (i.e., every surface enclosing Σ has area at least that of Σ), then
Proof of Theorem 1. Fix some parameter η 0 ∈ (0, 0.01), which will be used for estimating the error in geometric quantities with respect to different metrics. Let > 0. Fix an asymptotically flat coordinate system (x 1 , x 2 , x 3 ) on (N, h) defined for r ≥ r 0 , where r = (x 1 ) 2 + (x 2 ) 2 + (x 3 ) 2 . Let S r be the coordinate sphere of radius r, and let B r denote the closure of the compact region in N that is bounded by S r . Note that the coordinate system naturally induces a Euclidean metric δ on N \ B r 0 .
By asymptotic flatness, we may increase r 0 if necessary to guarantee:
(ii) S r has positive mean curvature in (N, h) for all r ≥ r 0 .
(iii) Distances in N \ B r 0 with respect to h and δ differ by a factor of at most 1 + η 0 .
(iv) Areas of surfaces in N \ B r 0 with respect to h and δ differ by a factor of at most 1 + η 0 . From asymptotic flatness, the sectional curvature κ of (N, h) is of order O(r −2−τ ). In particular, there exists a constant κ 0 > 0 such that |κ| ≤ κ 0 r −2−τ on N \ B r , for r ≥ r 0 . Thus, we may increase r 0 if necessary so as to assume that (v) |κ| is bounded above on N \ B r 0 by some constant κ 1 , where e 6 √ κ 1 r 0 ≤ 1 + η 0 .
Moreover, by considering the rescaled manifolds (N \ B r , r −2 h) for r large (which converge in an appropriate C 2 sense to Euclidean space minus a ball), we see that one may choose r 0 large enough so that:
(vi) Any point in S 4r 0 has injectivity radius (with respect to h) at least
Choose R > 0 large so that the ball of radius R about q in (N, h) 
(vi ) Any point in S 4r 0 has injectivity radius (with respect to h i ) at least i (Σ i ) and moreover these surfaces share a tangent plane at some point. This contradicts the comparison principle for mean curvature: S rmax has positive mean curvature with respect to h i (by (ii )) yet encloses the minimal surface Φ −1 i (Σ i ) to which it is tangent. Thus, r max = r 0 , which impliesΣ i = Σ. It follows that Σ i is area-outer-minimizing, which was claimed.
Case 3: If neither case 1 nor case 2 holds, thenΣ i is connected and must intersect Σ i but contain a point outside of Φ i (B 7r 0 ). By continuity there exists a point a ∈Σ i ∩ Φ i (S 4r 0 ).
Recall the monotonicity formula of Colding and Minicozzi (equation (5.5) of [6] ) regarding minimal surfaces in a 3-manifold of bounded sectional curvature. Suppose a point x 0 belongs to a smooth minimal surface S embedded in a Riemannian 3-manifold. Suppose the sectional curvatures of the 3-manifold are bounded in absolute value by a constant k, and the injectivity radius at x 0 is i 0 . Then for all t ∈ 0, min i 0 ,
That is,Σi encloses Σi, has the least area among all surfaces enclosing Σi, and is the outermost such surface. Existence ofΣi follows from asymptotic flatness and standard geometric measure theory arguments. Standard regularity results imply thatΣi is a C 1,1 closed, embedded surface and thatΣi \ Σi, if nonempty, is a smooth minimal surface (cf. Theorem 1.3 of [13] ). monotonicity formula states
where the area | · | and ball B t (x 0 ) are taken with respect to the Riemannian metric on the 3-manifold. By the smoothness of S it is clear that lim t→0 + Θ(t) = 1, so that Θ(t) ≥ 1 for the allowable values of t. We apply this formula to the minimal surface S = Φ
i (a) and k = κ 2 . We first determine a large value of t for which the monotonicity formula is valid. First, note that the distance from x 0 to the boundary of B 7r 0 \ B r 0 with respect to h i is bounded above by 1 (1+η 0 ) 2 times this distance in the Euclidean metric, which is 3r 0 . Here, we have used (iii) and (iii ). By (vi ), the injectivity radius of h i at x 0 is at least
Thus, the monotonicity formula holds for t ∈ 0,
having used (v ) in the last step. Since |η 0 | < 0.01 by hypothesis,
On the other hand,
The first inequality holds because S (with metric induced by h i ) is isometric to a subset tõ Σ i (with metric induced by g i ), and the second by the definition ofΣ i . Finally, by (iv) and (iv'), the area of S r 0 with respect to h i is bounded above by (1+η 0 ) 2 |S r 0 | δ = 4π(1+η 0 ) 2 r 2 0 ≤ 4.1πr 2 0 . Together with (4), it follows that |S| h i ≤ 4.1πr 2 0 , a contradiction, so that case 3 does not occur. Consideration of the above three cases establishes the claim that Σ i = Φ i (S r 0 ) is areaouter-minimizing in (M i , g i ) for i ≥ i 0 . By Theorem 7 applied to the manifold-withboundary obtained by removing the interior of Φ i (B r 0 ) from (M i , g i ), we conclude
for i ≥ i 0 , where m Completing the argument is now straightforward: by the C 2 convergence of h i to h, the Hawking mass of S r 0 with respect to h i converges to m H (S r 0 ) as i → ∞. Since Φ i is an isometry, the former is equal to m (i) H (Σ i ). Thus, we may increase i 0 to ensure that
by (5) Since was arbitrary, we may take lim inf i→∞ to complete the proof.
Lower semicontinuity in rotational symmetry: weak convergence
Now we transition the discussion to rotationally symmetric manifolds and a natural notion of weak convergence. Subsections 4.1, 4.2, and 4.3 give the preliminaries for precisely stating and proving Theorem 8 in subsection 4.4.
Rotationally symmetric manifolds.
We consider rotationally symmetric, smooth Riemannian n-manifolds (M, g), where g is of the form
Here, g S n−1 is the standard metric on the unit (n − 1)-sphere and h : [0, ∞) → [0, ∞) is a smooth function. Note that s is the distance from the boundary (if nonempty, so that h(0) > 0 ) or the pole (if the boundary is empty, so that h(0) = 0 and further h (0) = 1 by smoothness). If h(0) > 0, we require that h (0) = 0, which is equivalent to stating that the boundary sphere is a minimal hypersurface. We further assume that h (s) > 0 for s > 0 and that h(s) limits to infinity as s → ∞. In geometric terms, these conditions mean that the s = constant hyperspheres S s have positive mean curvature for s > 0 and that their areas grow arbitrarily large as s → ∞. Finally, we assume that g has nonnegative scalar curvature. We denote by RotSym n the class of Riemannian n-manifolds satisfying these conditions (borrowing notation from similar classes in [15] and [17] ). Recall the definition of the Hawking mass, formula (3). A well-known fact is the monotonicity of the Hawking mass: if (M, g) ∈ RotSym n , then the function s → m H (S s ) is monotone non-decreasing. Thus, the following limit is well-defined (possibly +∞):
In the case that (M, g) is asymptotically flat (see Definition 5), the above limit agrees with the usual definition of the ADM mass (equation (2)). Direct computation shows that
Since lim 
Euclidean embedding.
A remarkable fact, exploited in [15] for example, is that any (M, g) ∈ RotSym n may be realized isometrically as a graphical hypersurface in R n+1 . That is, there exists a subset Ω of R n (equal to R n if M has no boundary and equal to R n minus an open round ball about the origin if M has a boundary) and a continuous function f : Ω → R, smooth on the interior of Ω, such that
is isometric to (M, g). By symmetry, we may regard f : [a, ∞) → R as a radial function f (r), where r denotes the Euclidean distance to the origin in R n . Note that a = h(0), the radius of the boundary sphere. We call f (r) a graphical representation of (M, g); note that adding a constant to f changes the embedding but not the induced metric. An explicit formula for f in terms of the metric of the form (7) is given as follows. Since h (s) > 0, there exists an inverse function to r = h(s), say s = h −1 (r). Since lim s→0 + m H (S s ) ≥ 0, and m H (S s ) is non-decreasing, (9) shows that dh ds ≤ 1. Thus, the inverse function satisfies
where K is any real constant. We let Σ r denote the surface in graph(f ) lying above the r = constant coordinate sphere in R n . Direct computation using (9) and (10) shows
We orient graph(f ) as a hypersurface in R n+1 by choosing its normal to have positive dot product with (0, . . . , 0, 1).
Weak convergence.
We briefly recall weak convergence (in the sense of currents). Let {S i } denote a sequence of oriented Lipschitz hypersurfaces in R n+1 . We may regard each such surface as a current, i.e. a functional on the space of compactly supported differential n-forms ϕ in R n+1 , by defining
We say {S i } converges weakly to an oriented Lipschitz hypersurface S if for all ϕ as above, we have
Remark 1. In [11] , Huang and Lee proved a stability result for the positive mass theorem, for the case of graphical hypersurfaces in R n+1 with respect to weak convergence.
4.4.
Lower semicontinuity in rotational symmetry for weak convergence. Below we prove the following theorem, which is a version of Theorem 2 from the introduction that is stated more precisely.
denote a sequence of graphical representatives for a sequence
in RotSym n . Suppose {graph(f i )} converges weakly to some nonempty Lipschitz hypersurface N in R n+1 , with induced metric g. If the ADM mass of N is defined, then
We emphasize that the additive constants of f i play a role in determining the limit space, in the same way that the choice of base points affects pointed convergence. For instance, in example 6 in section 2, one can shift the spaces up and down in R 4 to arrange that the limit space is a) a half-infinite cylinder, b) an infinite cylinder, c) a half-infinite cylinder attached to a Schwarzschild space, or d) empty.
Some of the delicate points in the proof include dealing with portions of the graphs running off to infinity, and the formation of cylindrical ends (as in example 6). We outline the proof as follows:
• If the graph functions f i blow up at a fixed radius as i → ∞, show that N is contained inside a solid cylinder in R n+1 . Use the blowing up of the derivatives f i near the cylinder boundary to establish (12) .
• Otherwise, show there is some radius a 0 beyond which all graph functions f i converge uniformly to some limit, f .
• Argue that by virtue of the nonnegativity of scalar curvatures, f i converges to f almost everywhere. Also show graph(f ) is contained in N , and that the ADM mass of N is defined.
• Use the monotonicity of the Hawking masses to establish lower semicontinuity in the separate cases in which the limit has either finite or infinite ADM mass.
Proof. Let m i ≥ 0 denote the ADM mass of (M i , g i ). First, pass to a subsequence of {(M i , g i )} (denoted the same) for which the ADM masses limit to the lim inf of the ADM masses of the original sequence. This allows us to pass to further subsequences without loss of generality.
Part 0: Clearly we may assume lim inf i→∞ m i is finite (or else (12) is trivial), so that there exists an upper bound C > 0 of {m i }. By the monotonicity of the Hawking mass (9) in each (M i , g i ) we have
where h i is the profile function (7) associated to (
1 n−2 =: a 0 is bounded above, independently of i. It follows that there exists a single interval [a 0 , ∞) on which all f i are defined, for i sufficiently large. From here on, we assume i is such. Part 1: We first consider the case in which there exists a number r ≥ a 0 for which lim inf i→∞ f i (r) = +∞. Fix r * ≥ a 0 as the infimum of such values of r. Since each f i is non-decreasing, we have lim inf i→∞ f i (r) = +∞ for all r > r * . Let Ω be the solid, closed cylinder of radius r * in R n+1 about the x n+1 axis. From the definition of weak convergence, it is clear N ⊂ Ω.
If r * = 0, then N is not a Lipschitz hypersurface, a contradiction. Thus, assume r * > 0. If the ADM mass of (N, h) is defined, then it is bounded above by (8) and (9) . Now fix any number c > 1. By the definition of r * , we have lim inf i→∞ f i (r * /c) < +∞ and lim inf i→∞ f i (cr * ) = +∞. Pass to a subsequence (again, using the same notation) for which {f i (r * /c)} is uniformly bounded above. By the mean value theorem, there exists c i ∈ [r * /c, cr * ] for which lim i→∞ f i (c i ) = +∞. Let m 
Since c > 1 was arbitrary, the proof is complete for this case.
Part 2: For the rest of this proof, we may now assume
By the monotonicity of the Hawking mass (11) in (M i , g i ), we have for each r ≥ a 0 ,
for r ≥ a 0 .
Lemma 9. The sequence {f i } of functions restricted to [a 0 , ∞) converges uniformly on compact sets to a continuous function f :
Proof. We first show pointwise convergence of {f i }. Fix a ≥ a 0 . We analyze the sequence {f i (a)}. By (14) , L := lim inf i→∞ f i (a) < +∞. If L = −∞, then since f i is nondecreasing for all values of r and f i (r) ≤ 1 for all r ≥ a, the graph of f i eventually leaves any compact set as i → ∞. This would imply that the weak limit of {graph(f i )} is the empty set (i.e., zero current), a contradiction. Thus L is finite.
Suppose {f i (a)} diverges. Since L is finite, there exist constants z 0 ∈ R and δ > 0 and subsequences
Let ϕ be the differential n-form on R n+1 given by ρdx 1 ∧ . . . ∧ dx n , where ρ ≥ 0 is a smooth function of compact support with ρ( x, x n+1 ) = 0 if x n+1 ≥ z 0 and ρ( x, x n+1 ) = 1 on the solid truncated annular cylinder given by
Then graph(f i k )(ϕ) equals the n-volume of a ≤ | x| ≤ a + δ in R n for each k ≥ 1, while graph(f j k )(ϕ) = 0 for each k ≥ 1. This contradicts the assumption on weak convergence. It follows that {f i } converges pointwise to some function f : [a 0 , ∞) → R. By (15) the convergence is uniform on compact sets, and so f is continuous.
Part 3:
Note that by Lemma 9 and (15) , f is Lipschitz, with Lipschitz constant at most 1. By Rademacher's theorem, f is differentiable almost everywhere. The next lemma establishes that the derivatives converge almost everywhere (which is false without assuming the graphs of f i have nonnegative scalar curvature).
The proof of the lemma appears following the conclusion of the proof of Theorem 8. Now we establish weak convergence of the graphs outside a compact set. Let graph a,b (f ) denote the graph of f in R n+1 , restricted between radii a and b in [a 0 , ∞].
Lemma 11. The set graph(f ) is a Lipschitz hypersurface in R n+1 , and the sequence {graph a 0 ,∞ (f i )} converges weakly to graph(f ) as i → ∞.
Proof. Since f is a Lipschitz function, its graph is a Lipschitz hypersurface. By uniform convergence on compact sets, it is clear that for every b > a 0 , graph a 0 ,b (f i ) converges in the flat norm to graph a 0 ,b (f ). To see this, let A i denote the (n + 1)-current defined by the region between graph a 0 ,b (f i ) and graph a 0 ,b (f ), oriented appropriately. Let B i denote the n-current defined by the cylinders between the graphs of f i and f at radii a 0 and b, oriented appropriately. Then
. Moreover, the (n + 1)-volume of A i and the n-volume of B i both converge to 0 by uniform convergence of f i to f on compact sets. Thus, we have convergence in the flat norm.
That weak convergence follows is well-known: given any compactly supported differential n-form ϕ on R n+1 , there exists a constant k > 0 such that ϕ ≤ k and dϕ ≤ k pointwise. Choose b > 0 sufficiently large so that the support of ϕ is contained in the cylinder in R n+1 of radius b about the x n+1 axis. Then which converges to zero. Here, vol p denotes the p-dimensional volume (which is traditionally called the "mass" of a current, a term we avoid here).
Since graph(f i ) is assumed to converge weakly to some Lipschitz hypersurface N , it is clear that graph(f ) and N are equal when intersected with the complement of the closed cylinder of radius a 0 about the x n+1 axis. Thus, we define the ADM mass of N as the orBelow we state and prove a lower semicontinuity result for the ADM mass on the class RotSym n (defined in section 4.1) with respect to a pointed notion of intrinsic flat convergence.
To set some notation, suppose (M, g) ∈ RotSym n . For each number A > |∂M |, there exists a unique rotationally symmetric sphere Σ A g in M with area A. Define U A g to be the open region bounded by Σ A g and ∂M . Define U A g to be empty if A ≤ |∂M |. Theorem 12. Let {(M i , g i )} denote a sequence in RotSym n and let (N, h) ∈ RotSym n . Assume lim inf i→∞ m ADM (M i , g i ) is finite.
6 Then for each A > 0 sufficiently large, (U A g i , g i ) is nonempty for i sufficiently large.
Assume that for almost every A > 0 sufficiently large, (U A g i , g i ) converges in the intrinsic flat distance to (U A h , h), and that the diameter of (U A g i , g i ) is bounded above independently of i. Then
The main ingredient in the proof is a compactness theorem of LeFloch and Sormani [17] .
Proof. Passing to a subsequence (denoted the same), there exists a uniform upper bound C > 0 of {m ADM (M i , g i )}. By (13) , there also exists a uniform upper bound for the boundary areas |∂M i | g i , which shows that for A large enough, (U A g i , g i ) is eventually nonempty as i → ∞.
Let > 0. Since the Hawking mass of rotationally symmetric spheres monotonically increases to the ADM mass, there exists A > 0 such that
where Σ A = ∂U A h \ ∂N and m H is the Hawking mass with respect to h. If necessary, increase A so that the hypotheses of the theorem apply: (U A g i , g i ) converges in the intrinsic flat distance to (U A h , h), and the diameter of (U A g i , g i ) is bounded above independently of i. The latter shows the depth of ∂U A g i to be bounded above independently of i, as defined in [17] .
By Theorem 8.1 of [17] 7 , a subsequence of (U A g i , g i ) converges in the intrinsic flat distance to some limit; by our hypothesis, the limit is (U A h , h). This theorem also establishes that the Hawking masses of ∂U A g i \ ∂M i converge to m H (Σ A ) as i → ∞. Putting this all together, the ADM mass of (M i , g i ) is at least the Hawking mass of ∂U A g i \ ∂M i with respect to g i , which is within 2 of m H (Σ A ) for i sufficiently large. By (19) , we see that m ADM (M i , g i ) is at least m ADM (N, h) − for i sufficiently large. Inequality (18) follows.
We conjecture that (18) holds on the space of asymptotically flat n-manifolds of nonnegative scalar curvature containing no compact minimal surfaces, with respect to pointed intrinsic flat convergence.
